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Metrology (n): the scientific 
s tudy of measurement. 
From Greek metron



Omne trinum perfectum



Omne trinum perfectum

probe



Omne trinum perfectum

probe evolution



Omne trinum perfectum

probe evolution measurement



Omne trinum perfectum

probe evolution measurement

preparation



Omne trinum perfectum

probe evolution measurement

preparation modulation



Omne trinum perfectum

probe evolution measurement

preparation modulation information



Omne trinum perfectum

probe evolution measurement

preparation modulation information

quantum 
mechanics ∆x∆p ≥ h/4π
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 q(x|y) is better than p(x|y)
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score function

V (x, y) = @ylog(p(x, y)) =
@yp(x, y)

p(x, y)

-4 -2 2 4
x

0.1

0.2

0.3

0.4
p(x|y)

-4 -2 2 4
x

-4

-2

2

4

V(x,y)



Fisher information



Fisher information

I(y) = E[V (x, y)2] =

Z
(@yp(x, y))2

p(x, y)
dx



Fisher information

I(y) = E[V (x, y)2] =

Z
(@yp(x, y))2

p(x, y)
dx

for a Gaussian pdf



Fisher information

I(y) = E[V (x, y)2] =

Z
(@yp(x, y))2

p(x, y)
dx

for a Gaussian pdf

I(y) = 1

�2



Fisher information

I(y) = E[V (x, y)2] =

Z
(@yp(x, y))2

p(x, y)
dx



Fisher information

I(y) = E[V (x, y)2] =

Z
(@yp(x, y))2

p(x, y)
dx

Cramér-Rao bound

I(y) � 1

Var[y]



Fisher information

I(y) = E[V (x, y)2] =

Z
(@yp(x, y))2

p(x, y)
dx

Cramér-Rao bound

[lots of maths which is essentially a clever use of the 
Cauchy Schwartz inequality]

I(y) � 1

Var[y]
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Cramér-Rao bound

3. valid asymptotically

x1, x2, x3, ..., xM yest

E[yest � y] = 0

Var[y] = E[(yest � y)2]

I(y) � 1

MVar[y]

M large
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Where do we get p(x|y) from?

p(x|y) = Tr[⇢y⇧x]

probe evolution measurement

⇢0 y ⇧x

which POVM? 

which state?
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measure in the direction in which the 
state curves the most

2@y⇢y = Ly⇢y + ⇢yLy

IQ(y) � I(y) Quantum Cramér-Rao bound

The optimal measurement is the SLD

IQ(y) =
1

MVar[y]
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4M

generalised Heisenberg relation


